RGPV, Bhopal
Solution of Engineering Mathematics-I (Choice Based Credit System)

Dec. 2015

Subject: Mathematics-I Paper Code: MA110

1. (@). Ify= sin(msin_1 x) , prove that (1— x2) d_2y_ xﬂ + m2y =0 3
dx?  dx

Solution: Given, y=sin(msin_1 x) .. (D)

Differentiating (1) both sides w.r.t., x, we get

y1 = cos(msin™* X){ m }

1- x2

1-x2 Y1 = mcos(msin_1 x)
Squaring both sides, we get
(1—x2) y12 —m? cos? (msin_1 x)
= (1—x2) y12 =m? [1—sin2 (msin_l x)}
= (1— x2) y12 =m? (1— yz) [From (1)]
Again differentiating (2) both sides, w.r.t., X, we get
(1-5%)2y1y2 ~2xy° =mP (-2y 1)

= (1—x2)y2—xy1+m2y:0
2
= (1—x2)u—xd—y+m2y=0 Proved
dx?  dx
(b). The equation of the tangent at the point (2, 3) of the curve y* = ax® + b is y = 4x — 5. Find the value
of aand b. 4
Solution: Given: y2 —axC+b ..(1)

Differentiating w.r.t., x we get

dy
2y — = 3ax
ydx
2
N dy_3ax
dx 2y
2
. dy %227 _,, at (2, 3)
dx 2(3)

a2zSubjects.com

Page 1



RGPV, Bhopal
Solution of Engineering Mathematics-I (Choice Based Credit System)
Dec. 2015
Subject: Mathematics-I Paper Code: MA110

The equation of tangent at (2, 3) is

.. (2)
But given the equation of tangent is y=4x-5 ...(3)
Equation (2) and (3) represent the same line, and then we have
1_2a_-4a+3
1 4 -5
= 27?‘=1:>a:2 and —4a5+3:1 —a=2

At the point (2, 3), then from equation (1), we get
?=2(20+b =b=9-16=—7

Thus, Answer

sin2x

/2
C). Evaluatej — &
0 sin™x+cos” X

I_Inlz sin 2x
0 sin® x+cos? x

n/2 sin 2x
2 2
(sin2 x) +(1—sin2 x)
2

Putting sin“x=t = 2sinxcosx dx=dt i.e. sin2x dx =dt

Solution: Let dx

dx

Upper Limit: t= sin® (gj =1

Lower Limit: t =sin ( 0

)=
1
J.0t2+(1 t)?

J‘l J‘l dt
012 114+t2 -2t J02t2 _2t+1
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T 1 [Add and subtract 1/4 in the denominator]
2_4j

6

1

t_i

211 a2 Ao T

=571 tan 1 [tan (2t 1)}0
2 Jo

2
1

2

—tan1(1)-0=1
H-0=7

/2 sin2x T
0  sin” x+co0s" X 4

2. a) Expand by Maclaurin’s theorem e*°** as far as term x°.

Solution: Suppose y =e*X®%sX
Differentiating w.r.t. x, successively, we get

y]_ — eXCOSX [

—Xsin x+cos x] = y[—xsin x+cos x]

Y2 = Y[ —(Xcos x-+sinx)—sinx |+ (—xsin x+cosx) y;

Yo =— y[xcos x+2sin x]+[—xsin x+cos x] y;

y3 =— y[—Xsin x+cos x+2cos x| - y; [ xcos x+ 2sin x]+[—xsin x+cos x] y,

+Yy; [-xcos x—sin x—sin x]

y[—xsin x+3cos x] - y; [ Xc0s X+ 2sin X + XC€OS X + 2sin x|+ [—Xsin x+cos X] y,
y3 =—Yy[—xsin x+3cos x]— y; [2xc0s X +4sin x]+[—xsin x+cos x] y,

Putting x = 0, in equation (1), (2), (3) and (4), we get
Yo = eOcos(O) 1

@)

Yi)o =1[0+1] =1,
Yo )o =-1[0+0]+1[0+1]=1
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And  (y3),=-1[-0+3.1]-1[0+0]+[-0+1].1=~
We know that by Maclaurin’s theorem
2 X3
f 2
(X)=Yo +L(y1) 2 —(Y2)o+ 3 (Va)o+

g eosX —1+X+X—2(1)+X—3(—2)+
- 2 6

Thus,

2

b). Prove that the curvature at the point (x, y) of the catenary y =ccosh (f] IS y
C

c
Solution: Given the equation of curve is,

yzccosh(ij .. (D)
c

Differentiating w.r.t., x we get

ﬂ = csinh[zjxl =sinh (5)
dx c) ¢C C

2
and d—;/ = l cosh (fj

dx C C

Since, Radius of curvature in Cartesian form is

2T et

p= 2
d%y cosh( j
dx?

(), =)
SHENERE
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= cxcosh? (fj = c><[ = [From (1)]

C c

Hence radius of curvature of curve is Y ) Proved

c
c). Locate the stationary points of x* + y* — 2x* + 4xy —2y? and determine their nature.

Solution: Given: f(x,y)= x4+ y4 —2x2 +4xy —2y2 .. (1)
Partially differentiating both sides, w.r.t., x and y , we get

= 4x3 —4x + 4y .. (2)
=4y% +4x—4y E)

=0 = 4 -4x+4y=0

= x3—x+y:0

of =0 = 4y3+4x—4y:0
oy

= y3+x—y=0
Adding equation (4) and (5), we get
x3+y3 =0
X+ Y)(C =xy+y?) =0
X+y=0 but x2—xy+y2 #0

X=-Yy
Putting in equation (2), we get

x2—2x=0

Xx=0, x= \/5

y=0, y=—+2 [From (6)]
Thus the required stationary points are (0, 0) and (\/5 —«/5)

Again equation (2), partially differentiating w.r.t., x and y, we get
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2 2
:ﬂ:12x2—4 and s:ﬂ:4
ox? oxoy

Equation (3), partially differentiating w.r.t., y, we get

2
t=%=12y2—4

Case 1: at point (\/5—\/5)

and r=12(ﬁ)2—4=20>o, s=4 andt=12(—ﬁ)2—4=zo

r

rt—s? =(20)(20)—(4)" =384>0

Therefore f(x, y) is minimum at (\/5 —\/5)

Case 2: at Point (0, 0)

and  r=12(0°-4=-4<0, s=4 and t=12(0)° —4=—4
rt—s? =(—4)(-4)—(4)° =16-16=0

The condition is doubt full and further investigation is needed.

3 .3
3. a) If u=sect| 21— , then prove that xa—u+ya—u:2cotu
X+Y ox oy

3 .3
) ) 1| x° =
Solution: Given u =sec 1[ y J
X+Yy
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3.3
= secu=2>—_Y
X+Yy
Suppose z = secu
3 3 3 .3
t-test: z (xt, yt) _E)7-(Y)” 2| Xy 2(x, y)
(tx)+(ty) X+y
Therefore, z be homogeneous function in x and y with degree 2, then by Euler theorem, we get
oz oz
X—+y—=22
ox oy
0 0
= X— (secu) +y— (secu) = 2(secu)
ox oy
ou ou
= secutanu| x—+y— |=2secu
ox "oy
ou ou 1 1
= X—+y—=2 X
ox oy cosu secutanu
= x@+ya—u:200tu Answer
ox "oy
b) The radius of a sphere is found to be 10cm with possible error of 0.02cm. what is the relative error
in computing the volume. 4

Solution: Suppose radius of sphere is r, then given
r =10cm and &r =0.02cm

Since, Volume of sphere V :gnr3

Taking log on both sides, we get
logV =log (%j +logm+3logr

Differentiating on both sides, we get

ﬂ:O+0+3(gj
\ r

= Er (V)= 3(gj = 3(&j =0.006
r 10
Thus, Relative error in volume of sphere is 0.006. Answer
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a ) 1
c). Ifx=rsin@ cos¢, y = r sin@ sing, z = r cosO, then show that M =r

o(r,6,0)

Solution: Given x=rsin6cosd, y =rsin0sing, z=rcoso

=sin ecos¢[0+ r? sin? ecosq)]— rcosecosq)[O— rsin ecosq)cose]

Qx:sinesinqxéX
r 00
and g:cose,@:
or 00
x o
or 00 0o
Now, 22 |y oy
a(r,e,¢) or 00 0¢
a a o
or 00 0o
sin©cos ¢
=[sinBsin¢
cos0
—r?sin@
Thus, éi&)ﬁf)erQne
a(r,9,¢)

%zsin 0cos ¢, %: r cos0cos ¢, %:—rsin osind
or 00 od

=rcos0osin ¢, ¥ =rsinocos¢
o
—rsino, @:O
ey

rcos@cosd¢ -—rsinOsing

rcosOsing rsinOcosd

—rsin@ 0

—rsinOsin ¢[—r sin? Osin ¢ — r cos? Osin ¢}

sin® 6(0052 ¢+sin2 ¢)+sin 0cos? e(cos2 <1>+sin2 ¢)}

:sin3 0.1+sin e(l—sin2 6).1} =r? [sin3 0 +sin0—sin® e]

a2zSubjects.com
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sin® 0cos? ¢ +sin 0cos? <|)cos2 0+sin® 0sin? ¢ +sin 0cos? Osin? (1)}

Hence proved
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4. a) Evaluate Iim[ ! + 4 + 9

x—0\ 1+ n3 8+n3 27+n°

Solution: Suppose

. 1 4 9
I = lim 3+ 3+ 3
x=o\1+n~ 8+n 27+n

12 22
= lim +

x>o|134+n% 224n
r2

=“mi3 3

el
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Upper Limit: lim [L} = lim E=1
r=n

n— oo
Lower Limit: lim F} =0 (Fixed)
n—oo| N r=1

By Summation of series, we get
2

1
I:J- X3dx
01+x

Putting, x* = t = x* dx = dt/3

1cldt 1 1
3Jot+1 3 g( )]O
1 1
= ==|log2-0|==1log2
3[ d ] 3 J
Hence Iim( 13+ 43+ J 3+...+ij=llog2 Answer
xox\1+n° 8+n° 27+n 2n) 3
o0 2,2
b) Provethat: | e @~ dx=ﬁ,a>0 4
—0 a
o] 2,2
Solution: Given: I:J- e @ % dx
—0
0 2.2 2,2, .
= :2-_[0 e @ X dx (D) [ e" @ Xisan even functlon}
Putting, a’x? =y so that x=ﬂ
a
= dx =

dy
2a\fy

From equation (1), we get
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Thus, I P ey NI Proved
—o© a

1 P ) 1 g 3\10
c). Express jox (1—x ) dx in terms of Beta functions and hence evaluate on (1—x ) dx 5

1
Solution: Given: I=I0xm(1—x“)pdx (D)

Putting, "=t = x=tU"

31
dx =t dt
n

From equation (1), we get
1

I 1t%1 tplt(“_ljdt
_Io (-1 n

m+1

N (-t)Pdt

m+1

1 -1
=1J' t 0 a-t)P g
nJo

— | =£B(m_+1’p+1j
n n

Putting, m=5,n=3andp =10, we get
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I x5 (1= x3)0qx = = (5” 10+ 1)
_1 1 [2[u
_33(2’1) 3[(2+1D)

_1[1]10  1j10 1
3 [12 312-11[10 396

1
I X° a- x3)10 dx = L Answer
0 396

5. a)Evaluate “. ydx over the part of the plane bounded by the line y = x and the parabola y = 4x — x°.

Solution: Given: | :_”ydx .. (D)

The equation of given curve are

y =X ... (2
and y = 4x — X2 . (3)
From equation (2) and (3), we get

2 = X2 —3x=0

X=4X—X
Xx=0,x=3
y=0,y=3 [From (2)]
Points of intersection of given curve are (0, 0) and (3, 3).
In the region R: x varies from 0 to 3 and y varies from x to 4x — x2.

y dxdy = 3 y dy dx
.”R .[0. X

_ 2
24xx

SR

X

:%J-j[(4x—x2)2 —(x)?]dx

3
= %J-o (15x2 +x* —8x3) dx
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Thus, H dxdy:5—54 Answer

101X pl-x—
b) Evaluate: jojo XIO " yxyz dxdy dz

1pe1-xp 1-x—
Solution: : Suppose I=.fo.[0 on " yxyzdzdydx

:j:I:_Xxy _I:_X_y zdz}dydx

- 1-x-y
1pl-x | 72
_Io-[o Xy ?L dy dx

“[o]y T

;x“ ;_ Xy[(l—x)2 -2(1-x)y+ y2]dy}dx

X

-2y —20-x)y? + y3]dy}dx

101 y2 oy 1-x
—j x| -2 20-xL+ Y| o
2d0 2 34

1t la-xt 2(1—x)4 1-x)* d
_E.[ox > 3 a4 ¥

11 4
_ﬂj 0x(l—x) dx

Putting, 1-x=t dx=—dt

I O O O VN -
_24j1(1 t)t(dt)_24j0(t £5)dt
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1
_ 1t 171 1] 1[6-5]
24| 5 60 24|15 6 24 30

Thus j ;J. ;_XJ :_X_y Xyz dx dy dz :7—20

¢). Find the area enclosed by the parabolas y* = 4ax and x° = 4ay. 5
Solution: Given: the equations of parabola are
y2 = 4ax ..(D)
and x% = day . (Q2)
Squaring both sides, we get
x4 :16a2y2
= x* =16a2 (4ax)
= x(x3—64a3):0
= x=0 and x° =64a°
= x=0 and x=4a ¥

Putting in equation (1), we get

y=0and y=4a
Therefore required point of intersection are (0, 0) and (4a, 4a).
Now, we will draw the rough sketch for the Region R (OMPNO).
In the region R, the limits are

2 0(0.0) A(4a, 0)
Limitsof y : y::— to 2</ax k .
a

Limitofx : x=0 to x=4a
Area between the parabolas A = Area of Region R

= :J'J‘Rl.dxdy

a2zSubjects.com
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4a

3 o 4a

-4t -o]- e -]

2a

_32 o 16a° _16a’°
3 3 3

Answer

b
6. a) Evaluate I eX dx as limit of sum.
a

Solution: Suppose f (x) =e*and nh=b-a
We know that by definition of definite integral as limit of sum,

jb f(x)dx= lim h[f(@)+f(@+h)+ f(@a+2h)+...+ f(@+(n-Dh]

J-bex dx = lim h[ea_,_e(aJrh)+e(a+2h)+_“_+e(a+n—1h)}
a h—0

=e? lim h_1+eh+e2h+...+e(”_1)h}
h—>0 L
1(e”h—1)
=e? lim h| ——2

h—0 eh—]_

1(eb‘a—1)
=e? lim h -
h—0 e -1

=( b —e"")xl:eb—ea
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b
Thus J’exdx:eb—ea1
a

0 2,2
b) Express in terms of the Gamma function: Io x"e X dx
A ane *© n —a’x?
Solution: Given: I:IO X' e dx .. (D

Putting,

Lower Limit: t =a? (O)2

From (1), we get

Izjo

2an +1

1

Proved
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. ] ] 1p2-X
c¢) Change the order of integration in IOIZ Xy dxdy
X

. 1pe2-X
Solution: I:IOI , Xydxdy
X

The limits of integration are

(). x=0,i.e., Y-axis

(i).  x=1,i.e., the equation straight line parallel to Y-axis

(iii). y=xi.e., Equation of parabola symmetric about Y-axis and vertex at (0, 0).

y

(iv),. y=2-xi.e. §+E =1, equation of straight line, which form the equal intercept on both the axes and

intersect X-axis at (2, 0) and Y-axis at (0, 2).
Point of intersection of straight line x + y = 2, parabola y = x* and x = 1:
Putting, x = 1 in y = x and parabola y = x*, then we get y = 1

Point of intersection is (1, 1)
Now, we will draw the rough sketch curve for region R.

A(2,0)

In above figure, we divided the bounded region R, into subdivided region R; and R, and draw the strip parallel

to X-axis say dydx.
Case 1: In the region R; (OLMO)

Limitofx : x=0to x:\/y
Limitofy: y=0toy=1 [Point 0 (0, 0) to point L (1, 1)]
The change of order of integration in the region Ry is
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Case 2: In the region R, (MLBM)
Limitofx : x=0to x=2-y
Limitofy: y=1to y=2 [Point L (1, 1) to point B (0, 2)]
The change of order of integration in the region Ry is

I, = jjzlj‘j:;x y dy dx

Therefore, from equation (2) and (3), we get
| = Il + |2

LIz svoay=[_ [ rvavsc 7 [Dxyovs

This is required change of order of given integral (1).

Next, we will evaluate it.
ey 2[ ¢ 2-y
Io Xy dx derj1 J.o Xy dx |dy

2-y
2 X2y
d 2y
y+jl{ 5 } dy
0
2

- ]ﬁ
y 102 5 2
jdy+§f1 y-(2-y)“dy

2

X7y
2

P S 3 4.2
—6[y]0+2j1(4y+y 4y©)dy

1., vt 4,
2y2+ L2y
2|0 3yL

1[ 1 4
> _2(4—1)+Z(16—1)—§(8—1)}

a2zSubjects.com




RGPV, Bhopal
Solution of Engineering Mathematics-I (Choice Based Credit System)
Dec. 2015
Subject: Mathematics-I Paper Code: MA110

=1+i[72+45—112]
6 24

5
+_
24

1
6
3
8

N R W NRCL L W L L

7. a) Verify Rolle’s theorem, where f (X) = 2x° + x* — 4x — 2.
Solution: Given the function is

f(x)= 2x3 + X2 —4x—2
Taking, f(x)=0

- 23+ X2 —4x-2=0
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x?(2x+1)-2(x+2)=0 ie., (2x+1)(x*~2)=0

=1 x=—+2,x=2
The required interval is [—\/5 \/ﬂ
(). Puttingx:—ﬁ: f(—\/§)=o and x=+2 = f(ﬁ)=o
Clearly f(—\ﬁ)z f (ﬁ):o
(ir).  Since f (x) is a polynomial function in x, then f (x) is continuous in [—\/5 \/ﬂ
(iii).  Since f (x) is a polynomial function in x, then it can differentiate such that
f'(x) =6X% +2x—4
then by Rolle’s theorem 3 at least ¢ (—\/5 \/5) such that
f'(c)=0
6c+2c—4=0 ie 3c®+c-2=0
3c? +3c—2c-2=0 i.e.3c(c+1)—2(c+1):0

= (3c-2)(c+1)=0 ie, C_§ —1e(—2,42)

Hence verified Rolle’s theorem for [—\/5 , \/5 ] .

b) If u=f(y-zz—-x,x-y), prove that: 8_u+8_u+8_u 0

ox oy oz
Solution: Suppose X =y—z, Y =z-x,Z=x-y,thenu=f(X,Y,Z)
Therefore u is composite function X, y and z respectively.
Wehave X =y—2z, Y=z—-X,Z=X-Y
Partially differentiate w.r.t. X, y and z respectively, we get

XK _0 X Xy

OX oy oz
N_ N g ez z
OX oy 0z OX oy 0z

6u ou oX au 6Y ou oZ

X OX ox oY ox oz ox
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ou ou ou 8u ou
=—(0)+—.(-1)+—.(1 —
oX ( )+8Y( )+az() Y +az

au au OoX ou aY ou oZ

+
ay X oy oY ay oz 8y
ou ou ou ou ou
=—.(1)+—.(0)+—=.(-1) =
ax() av() az( ) oX oZ
u_ou oX oudy oz
oz OX oz oY o1 87 oz
TR A RN () S
T oX oY oz oX oY
Adding (1), (2) and (3), we get
ou ou au 6u ou ou ou ou ou
— 4 —— ——
8x8y82 oY ez ox oz oX oY
ou ou adu
— —+—
oXx oy ot

=0 Hence proved
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c). Trace the curve y?(2a—x)=x"

Solution: Given the equation of curve is
y?(2a-x)=x3 (1)
Symmetry:
In the curve power of y is an even, therefore curve symmetric about X-axis.
Nature of origin:
Equation of curve satisfies through the origin (0, 0), therefore curve passes through the origin.
Tangent at origin:
Equating the lowest power term to zero, i.e. Y =0 =y =0, 0.
Therefore origin is a double point and it is a cusp.
Point of intersection with coordinate axes:
When x = 0, then y = 0 and when y = 0, then x = 0. Thus the curve meets the coordinate axes only at
origin.
Region of Existence and Nature of curve:

3

From (1), we have y2 =
2a—X

n. When x >0
(). 1f0<x<2a,theny’=+veandyis real,
(i). x> 2a, then y* = —ve = y is imaginary.
(1. Whenx <0, then y* = —ve = y is imaginary.
Thus the curve lies only in the region 0 < x < 2a
Asymptotes:
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Equation (1), can be written in the form,
x(x2+y2):2ay2 ... (2

If asymptotes parallel to Y-axis, then equating the coefficient of highest power of y equal to zero i.e.
X—2a=0=>x=2a

7. Special point:
Since X-axis is common tangent to the two branches of curve passing through origin hence origin is a
cusp.

8. Rough sketch of curve:
From the above points, the shape of the curve is as shown in the figure

p

v i
Asyrnploba

28

Y
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